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ABSTRACT
The recent data release of ESA’s Planck mission together with earlier WMAP releases pro-
vide the first opportunity to compare high resolution full sky Cosmic Microwave Background
temperature anisotropy maps. To quantify the coherence of these maps beyond the power
spectrum we introduce Generalized Phases in the sense of SO(3), unit vectors in the 2ℓ+1 di-
mensional representation spaces. For an isotropic Gaussian distribution, Generalized Phases
point to random directions and if there is non-Gaussianity, they represent most of the non-
Gaussian information. The alignment of these unit vectors from two maps can be character-
ized by their angle, 0◦ expected for full coherence, and 90◦ for random vectors. We analyze
maps from both missions with the same mask and Nside = 512 resolution, and compare both
power spectra and Generalized Phases. We find excellent agreement of the Generalized Phases
of Planck Smica map with that of the WMAP Q,V,W maps, rejecting the null hypothesis of
no correlations at 5σ for ℓ’s ℓ < 700, ℓ < 900 and ℓ < 1100, respectively, except perhaps
for ℓ < 10. Using foreground reduced maps for WMAP increases the phase coherence. The
observed coherence angles can be explained with a simple assumption of Gaussianity and a
WMAP noise model neglecting Planck noise, except for low-intermediate ℓ’s there is a slight,
but significant off-set, depending on WMAP band. On the same scales WMAP power spec-
trum is about 2.6% higher at a very high significance, while at higher ℓ’s there appears to be
no significant bias. Using our theoretical tools, we predict the phase alignment of Planck with
a hypothetical perfect noiseless CMB experiment, finding decoherence at ℓ ≃ 2900; below
this value Planck can be used most efficiently to constrain non-Gaussianity.
Key words: cosmology: observations – cosmology: theory – cosmic background radiation
1 INTRODUCTION
One of the principal goals of modern cosmology is to character-
ize the statistical properties of the primordial density fluctuations,
i.e. the seeds of the present large-scale structure. As widely pre-
sumed, the initial perturbations are associated with quantum prop-
erties of an inflationary field (Guth 1981). If this model is cor-
rect, the primordial fluctuations should be overwhelmingly Gaus-
sian (Bardeen et al. 1986; Bond & Efstathiou 1987) along with the
small temperature fluctuations of the Cosmic Microwave Back-
ground (CMB) sky.
Gaussianity is the most fundamental prediction of inflation.
Randomness of the complex phases of the harmonic coefficients of
small CMB temperature fluctuations provides natural constraints,
since departures from Gaussian behavior typically cause deviations
from randomness (Coles & Chiang 2000). There are several meth-
ods constraining non-Gaussianity from phase information: phase
mapping and uniformity tests (Chiang et al. 2002, 2004), Shannon
entropy of phases (Chiang & Coles 2000), surrogates (Raeth et al.
2010), random walks (Stannard & Coles 2005; Hansen et al. 2011),
etc. These have been applied to WMAP all-sky maps, and most re-
cently to Planck (Planck Collaboration et al. 2013c). In some cases,
non-Gaussian residuals have been detected (Chiang et al. 2003;
Naselsky et al. 2005), although no primordial non-Gaussianity has
been found with any certainty.
Other studies, such as Land & Magueijo (2005a,b, 2007);
Copi et al. (2004, 2006) and Bielewicz et al. (2005) defined di-
rections on a sphere at each ℓ to construct estimators constrain-
ing unusual alignments and correlations in the harmonic series
representing the CMB maps. Several “anomalies” and alignments
were identified, and several tests have been performed to explore
their origin (Francis & Peacock 2010; Frommert & Enßlin 2010;
Rassat et al. 2013). These marginally significant anomalies were
originally detected in WMAP, and recently confirmed in Planck
(Planck Collaboration et al. 2013c).
Complex phases correspond to a unit vector in the complex
plane, where the U(1) group acts as a rotation. Based on this obser-
vation we generalize the usual U(1) phases for the group SO(3), rel-
evant to the CMB or any full-sky map, as unit vectors in (2ℓ+1) di-
mensional representation spaces. These Generalized Phases in the
sense of SO(3) respond to SO(3) rotations analogously to complex
phases responding to U(1) rotations. In the rest of this paper we
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only deal with the SO(3) group, therefore without ambiguity we can
call them Generalized Phases, or GPs, hereafter. For an isotropic
Gaussian field, they correspond to a random direction by symme-
try, represent most of the information beyond the measured power
spectrum, and they are independent from it. Nevertheless, two ob-
servations of the same CMB realization should have exactly the
same phases. The principal aim of this work is to use this simple
property to construct a rigorous and concise ℓ-byℓ comparison of
WMAP and Planck maps that emphasizes information beyond the
power spectrum. In particular, we will characterize coherence of
two maps by the angle of the unit vectors corresponding to their
GPs, that also corresponds to a correlation coefficient in harmonic
space.
We organize this paper as follows. In Section 2 we describe
the data we used, and introduce our methods including theoretical
expectations, simulations and measurements. In Section 3 our re-
sults, and statistical significances of our findings are presented. Fi-
nally, we briefly summarize our results in Section 4. The appendix
contains derivations of formulae used in the main text.
2 DATA AND METHODS
To quantify the coherence of WMAP and Planck we first pre-
pare maps of the same resolution. The WMAP team provides
Nside = 512 CMB temperature maps, therefore we choose this
as our base resolution. The Planck CMB products have higher res-
olution, Nside = 2048, thus we downgraded Planck maps using
HEALPIX (Gorski et al. 2005) for Nside = 512. We also used
the Nside = 512 WMAP9 Temperature Analysis Mask that leaves
78% of the sky for our analysis.
For WMAP, we used the Q,V,W frequency bands down-
loaded from the LAMBDA website 1, using both original and
foreground reduced versions (Jarosik et al. 2011; Bennett et al.
2012). For Planck, we downloaded the NILC and Smica CMB
maps (Planck Collaboration et al. 2013b) from the Planck Legacy
Archive 2. They already have galactic foregrounds and known point
sources removed.
2.1 Generalized Phases
The CMB temperature fluctuations can be expanded into spherical
harmonics:
∆T
T¯
(ϑ, ϕ) =
∞∑
ℓ=0
ℓ∑
m=−ℓ
aℓmYℓm(ϑ,ϕ) (1)
Phases are defined by complex aℓm coefficients of CMB multipoles
as follows
aℓm = |aℓm| · exp(iφℓm) (2)
These Fourier phases generate rotations around the z-axis, cor-
responding to to the U(1) subgroup of the full SO(3) symmetry
of the harmonic coefficients. For Gaussian random fields (GRF),
Fourier phases are random and uniformly distributed between 0
and 2π. Testing the randomness of these phases therefore provides
an interesting diagnostic of the Gaussianity of the fluctuation field
(Coles & Chiang 2000). Note that the power at each ℓ and these
phases do not fully determine the random field.
1 http://lambda.gsfc.nasa.gov/
2 http://www.sciops.esa.int/index.php?project=PLANCK
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Figure 1. Distributions of angles between random unit vectors in (2ℓ+ 1)
dimensions. We compare analytic expectations and simulations, and test
properties of galactic masks, as well. We present ℓ = 2, 5, 25, 75 cases.
These illustrate that angles are concentrated around π/2. This concentration
becomes stronger as the dimension n grows. These results are insensitive to
the galactic mask as long as the unit vectors are truly random.
To generalize complex Fourier phases, we first build (2ℓ+ 1)
dimensional vectors using real and imaginary parts of alm coeffi-
cients:
εℓ = (aℓ0/
√
2, Re[aℓ1], ....Re[aℓℓ], Im[aℓ1], ....Im[aℓℓ]) (3)
These vectors contain all the information due to the reality of the
underlying random field. For a Gaussian field, this is a random vec-
tor, with each elements of εℓ having a variance of Cℓ/2. General-
ized Phases are now defined as (2ℓ+ 1) dimensional unit vectors
εˆℓ =
εℓ√∑
k ε
2
ℓ,k
. (4)
As aℓm coefficients of different multipoles are independent, GPs
are uncorrelated for a Gaussian distribution. Moreover, they fol-
low uniform distributions over the sphere S2ℓ for each ℓ (Cai et al.
2013). The statistics of GPs contain information complementary
to the power spectrum, and for mildly non-Gaussian distributions,
they should contain most of the non-Gaussian information. If the
power and the GPs are given, the realization of a random field is
fully constrained.
In this work, we compare Generalized Phases to quantify the
(generalized) phase coherence of WMAP and Planck maps, i.e.
the ℓ-byℓ coherence of the maps beyond and independently of the
match of their power spectra.
To quantify the coherence of the two maps, we calculated dot
products of unit vectors defined by individual datasets at each ℓ
multipole as
cosΘℓ =
∑
k
εˆPlanckℓ,k · εˆWMAPℓ,k . (5)
2.2 Random angle statistics in n dimensions
Angles between Generalized Phases of two uncorrelated datasets
- e.g. CMB realizations - fluctuate around π/2, their distributions
c© 2013 RAS, MNRAS 000, 1–??
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Figure 2. We show original (amplitude-shuffled) version of a simulated
CMB map on the top (bottom). These CMB maps have the same phases
and pseudo power spectra, but different GPs.
are characterized by analytic formulae (Cai et al. 2013). When the
dimension n = 2ℓ + 1 is fixed, the distribution of angles has a
density function given by
h(Θ) =
1√
π
Γ(n
2
)
Γ(n−1
2
)
· sinn−2 Θ. (6)
Note that if n = 2, h(Θ) is the uniform density on [0,π]. When n>
3, h(Θ) is a unimodal distribution with peak position of Θ = π/2.
The concentration around π/2 becomes stronger as n grows, since
sinn−2 Θ is driven to zero quickly for Θ 6= π/2 (Cai et al. 2013).
This means that uncorrelated vectors in high dimensions tend to
be perpendicular. As expected, in large dimensions, the distribu-
tion tends to a Gaussian distribution centered on π/2. In Fig. 1 we
show estimates of distributions of angles between unit vectors in
higher dimensions. We simulated 500 CMB skies to test Eq. (6).
Simulations were made by using WMAP9 cosmological param-
eters, and WMAP9 noise. We randomly choose 10,000 pairs of
CMB simulations, and calculate Generalized Phases. Four exam-
ples of ℓ = 2, 5, 25, 75 illustrate that individual distributions of
angles between random unit vectors in (2ℓ+1) dimensions follow
Eq. (6) closely. We checked that these results hold up to ℓ = 1535,
the maximum we can measure with our maps.
We repeated our measurements on masked CMB skies using
WMAP9 Temperature Analysis Mask. According to Fig. 1, and
perhaps somewhat surprisingly, no difference was found. While
galactic mask strongly affects statistical analysis of normal phases
(Chiang & Naselsky 2007), the distribution of Θ is insensitive to
the mask. The CMB mask is centered on ϑ = π/2 in the spheri-
cal coordinate, which causes strong phase correlation only among
phases of ℓ ≈ m.
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Figure 3. Measured Θℓ angles of GPs of the original and |aℓm|-shuffled
maps are illustrated. See text for details.
It is useful to consider the closely related correlation coef-
ficient cosΘ = CABℓ /
√
CAℓ C
B
ℓ in addition to Θ. In this case,
x = (cosΘ + 1)/2 follows the Beta distribution on [0, 1], i.e.
xα−1(1−x)β−1/B(α, β) with parameters α = β = (n−1)/2 =
ℓ. Thus the exact first two moments of cosΘ are
〈cosΘ〉 = 0, 〈cos2 Θ〉 = 1
n
(7)
Finally, we quantified the resolving power of GPs by the fol-
lowing procedure. We shuffled |aℓm| amplitudes of a simulation
for a given ℓ, keeping both pseudo power spectrum and phases
unchanged. Fig. 2 shows the original and the ”shuffled” CMB
maps. We measured Θℓ angles between GPs of the maps (Fig.
3), finding values fluctuating around Θℓ ≈ 38◦. We integrated
the Gaussian distributions of the aℓm’s to find the average value
〈cosΘℓ〉 = π/4. This corresponds to Θℓ = 38.24◦ , i.e. 78.5%
correlation.
2.3 CMB and noise
WMAP and Planck measurements of the CMB sky contain noise.
This noise induces a rotation of the unit vectors εˆCMBl on the 2ℓ di-
mensional sphere. Assuming full sky coverage and isotropic Gaus-
sian noise, these rotations will only depend on the respective spec-
tra of the CMB and that of the noise. The angles obey
cosΘℓ =
ǫCMBℓ ·
(
ǫCMBℓ + ǫ
noise
ℓ
)∣∣ǫCMBℓ ∣∣ ∣∣ǫCMBℓ + ǫnoiseℓ ∣∣ . (8)
In the case of Gaussian noise, it is possible to obtain an explicit
form for the distribution of the angle, generalizing (6). Introducing
the signal to noise SN as the ratio of the norms of the two vectors,
SN =
∣∣ǫCMBℓ ∣∣∣∣ǫnoiseℓ ∣∣ =
√
CCMBℓ
Cnoiseℓ
, (9)
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Figure 4. We measured Θℓ angles between a Gaussian simulation, and the
same simulation with WMAP noise added. We show two noise realizations
of WMAP’s Q, V, and W measurements, and compare them with 2σ limits
of our noise model. Dashed red line illustrates the expected value of π/2 for
no correlation, while the solid black curve shows 5σ difference from this at
each ℓ.
one finds (see Appendix A for details)
hN (Θ) =
Γ(n)
Γ
(
n−1
2
) sinn−2 Θ
· exp
(
−n
2
SN2 sin2 Θ
)
in−1erfc
(
−
√
n
2
SN cosΘ
)
,
(10)
where the special functions
inerfc (z) = 2√
π
∫
∞
z
dt
(t− z)n
n!
e−t
2 (11)
are the iterated integrals of the complementary error function
(Abramowitz & Stegun 1970). These functions satisfy convenient
recursion relations allowing easy generation of hN (Θ). With the
help of inerfc (0) = 2−n/Γ(n/2 + 1) we can check that we re-
cover the corresponding distribution (6) for Θ in the limit of van-
ishing signal to noise, as expected.
Again, the density function is very close to a Gaussian. Useful
simple approximations for its mean and variance are
〈cosΘ〉 ≈ SN√
1 + SN2
=
√
CCMBl
CCMBl +C
noise
l
(12)
and
〈
cos2 Θ
〉− 〈cosΘ〉2 ≈ 1
n
1 + SN2/2
(1 + SN2)3
. (13)
Both of these approximations are already at least 5% accurate for
any value of SN at ℓ = 5. We evaluate Eqs. (12) and (13) using
WMAP Q, V, and W noise realizations, that are white noise to a
good approximation, and represent different variances. We com-
pared our model with simulations on Fig. 4, and found that higher
variance causes decoherence at lower ℓ. Besides, different realiza-
tions of WMAP noise produced almost identical curves, in agree-
ment with our model.
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Figure 5. The measured and theoretically predicted angles between Gen-
eralized Phases of Planck Smica map, and WMAP products. A black solid
line defines the 5σ alignment confidence level, while dashed black curves
correspond to 4σ, 3σ, 2σ, and 1σ values. The top inset zooms on ℓ < 50,
while bottom inset shows the same without foreground cleaning.
3 RESULTS
We obtained Generalized Phases of WMAP and Planck datasets
by applying Equations (3) and (4). We present our results for the
Planck Smica map, but repeating all our analysis with the NILC
map produced virtually identical results. We used Eq. (5) to char-
acterize the coherence of the maps. While this angle does not con-
tain all information, indeed there are many ways of constructing a
unit vector that is at angle Θ with respect to another one, it cor-
responds to a concise way of expressing coherence, and we can
additionally interpret cosΘℓ in terms of Cℓ’s is a of correlation co-
efficient CWMAP,Planckℓ /
√
CWMAPℓ C
Planck
ℓ , i.e. 60
◦ means 50%
correlation between the two maps.
To quantify the coherence, we choose as our null hypothesis
that the two maps are not correlated. In that case the distribution
Θℓ follows analytic distributions of Eq. (6), and p-values can be
calculated by integrating Eq. (6) to the measured Θℓ. We define the
two maps as significantly correlated if the null hypothesis can be
rejected at the 5σ level.
Figure 5 shows our results, where we compare Planck Smica
map to WMAP Q, V and W band measurements. In general, the
correlation between the maps decreases with ℓ, as qualitatively ex-
pected in the presence of uncorrelated noise. For the lowest ℓ’s the
null hypothesis cannot be rejected at the 5σ level, especially for
the Q band, but using foreground reduced maps improves the cor-
relation to the point that maybe only the dipole is incoherent. This,
however, only reflects the different cleaning procedures used by
WMAP and Planck. In particular, the Smica algorithm sets ℓ = 0, 1
exactly to zero, therefore it contains no information on the CMB
(Jean-Francois Cardoso, private communication). The pattern illus-
trated on Figure 6 was also detected by Frejsel et al. (2013).
For higher ℓ’s, the monotonically increasing p-values reach
the limit confidence levels corresponding to 5σ. We define these
ℓ’s corresponding to decoherence at ℓ ≈ 700, ℓ ≈ 900 and
ℓ ≈ 1100 for Q, V and W maps, respectively. This result is ro-
c© 2013 RAS, MNRAS 000, 1–??
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Figure 6. Difference map of Planck Smica and WMAP9 Internal Linear
Combination (ILC) maps in µK , smoothed at 2 deg. See text for details.
bust whether we use foreground removed WMAP maps or not, or
Planck Smica/NILC maps. The observed decoherence can be fully
explained based on a WMAP noise model, as illustrated in our Fig-
ure 5, and explained in more detail next. Our interpretation is that
WMAP GPs are dominated by noise above these ℓ’s.
Our theory of Eq. 10 using simple Gaussian assumption for
both the CMB and noise provides a prediction for the expected co-
herence angle between the maps. The agreement is excellent with
both simulations and measurements at all ℓ’s, although there ap-
pears to be small but significant bias in the measurements at low-
intermediate ℓ’s. Figure 7 displays the residual Θℓ, i.e. the differ-
ence between our theoretical predictions for the decoherence based
on our noise model, and the measured angle. For each Q,V and
W, there appears to be an excess angle, i.e. more decoherence than
predicted, for ℓ <∼ 500, 400 and 300, respectively.
At face value in the framework of our simple assumptions,
this would be a sign of excess noise not taken into account in
our noise model. It needs to be emphasized though that this is
a small, (although) significant effect, and therefore should be in-
terpreted cautiously, given the assumption of uncorrelated Gaus-
sian noise; noise correlations, foregrounds, and/or leakage from the
dipole (e.g. Prunet et al. (2005); Das & Souradeep (2013)) could all
influence the coherence angle in subtle ways.
For completeness, we measured power spectrum of the Planck
Smica map, cross-power spectra of WMAP9 Q1-Q2, V1-V2, and
an average cross-spectrum of six combinations of W1-W4 differen-
tial assemblies with SpICE (Szapudi et al. 2001): the power spec-
trum is complementary to the GPs, corresponds to the amplitude of
the vector we defined in Eq. (3), and might give additional insight
into the decoherence at low-intermediate ℓ’s. We used WMAP9
beam transfer function products for Q1, Q2, V1, V2, W1, W2, W3,
and W4 maps, and a 5’ Gaussian smoothing for the Smica map. We
emphasize that we used again the same resolution maps, with the
same mask, and the same method to measure the power spectrum
for all maps, thus our comparison is more immediate than taking
final products from the WMAP and Planck team, respectively.
The power spectra are consistent with each other for the most
part, but curiously, in approximately the same range of ℓ’s, where
we found less coherence than predicted by our theory, we find
that C˜WMAPℓ is on average 2.6% higher than C˜Planckℓ in the three
Q,V,W maps. For the sake of consistency, we consider multipoles
between 10 and 300 for each band, and find that the WMAP spectra
are 2.7%, 2.6% and 2.5% higher than Smica, respectively. While
visual inspection confirms the significance of this bias, we esti-
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Figure 7. We show measured biases of power spectra for Q, V and W bands,
while estimated 2σ deviations are shown by solid lines. In addition, discrep-
ancies between modeled and measured Θℓ are illustrated for Q, V and W,
where dashed lines correspond to 2σ differences in our model.
mated it quantitatively in Appendix B to be in the range of 10’s of
σ’s. This bias is confined to these scales, the inclusion of higher
multipoles result in a non-detection of significant bias. While it
would be difficult to assess quantitatively whether the bias persists
on larger ℓ’s, at least qualitatively, it appears from Figure 7 that the
bias is not significant above the the same ℓ >∼ 500, 400 and 300
for Q,V, and W, respectively, where our theory predicts the deco-
herence based on the simple Gaussian WMAP noise model. This
might be a tantalizing hint, but more investigations are needed to
establish whether the two small, but significant effects are related.
We repeated our measurements with WMAP 7 year fore-
ground cleaned data, and found similar trends in terms of Θℓ an-
gles. The agreement with WMAP9 results is less accurate, when
we analyze maps without cleaning of foregrounds, but the differ-
ence is only significant at low ℓ’s. The most important observation,
however, is that the estimated 5σ decoherence is at slightly lower ℓ
if we use WMAP 7 year products. This is consistent with WMAP7
having more noise than WMAP9 further supporting the thesis that
all experiments observe the same underlying CMB, and that instru-
mental noise causes the observed decoherence.
3.1 Decoherence from WMAP noise and impact of mask at
high ℓ
So far we established that the decoherence observed on Figure 5
is expected to originate primarily from the noise in WMAP. As-
suming that the level of noise in the Smica map is negligible with
c© 2013 RAS, MNRAS 000, 1–??
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respect to that of the Q,V,W maps on these scales, we can test
this hypothesis using our density functions in Eq. (10). We pro-
ceeded as follows. Assuming white noise σ2N in each WMAP maps,
the signal to noise is SN = CCMBℓ /σ2N , where CCMBℓ was gen-
erated with the CAMB package 3 with Planck’s best fit parame-
ters (Planck Collaboration et al. 2013a), multiplied by the respec-
tive beam window function of the Q,V or W maps. The solid lines
in Figure 5 show the mean of the density function, and the dashed
ones correspond to 2σ deviations. The decoherence is in excellent
quantitative agreement with this simple model. It makes no differ-
ence to use the exact hN (Θ) in Eq. (10) or the approximations in
Eqs. (12) and (13).
The noise dominates by orders of magnitude at the highest ℓ’s,
therefore an angle of 90 degrees is expected naively. The observed
angles, however, deviate slightly from this theoretical prejudice, in-
dicating a few percent residual correlation. As we show in more de-
tail in Appendix C, this correlation is due to leakage of low ℓ power
into higher ℓ’s, and essentially white noise. We can obtain accurate
analytic approximations assuming an azimuthally symmetric mask
centered on the equator and white noise. The mask is an equatorial
band sustaining an angle b with the equator, so that fsky = 1−sin b.
Using the explicit formula relating the spectrum C˜ℓ of the masked
field to that of the unmasked field Cℓ (Hivon et al. 2002), we derive
in Appendix C the asymptotic behavior of the spectrum,
C˜ℓ → 16σ
2
T cos b
(2ℓ+ 1)3
, ℓ→∞ (14)
where σ2T is the variance of the unmasked map
σ2T =
∑
ℓ
2ℓ+ 1
4π
Cℓ =
〈(
∆T
T¯
)2〉
. (15)
On the other hand the white noise spectra are simply multiplied by
fsky. Since 〈cosΘl〉 ≈
√
C˜l/(C˜l + σ2N ), we obtain in the very low
signal to noise regime
cosΘℓ → 4
(2ℓ+ 1)3/2
(
σT
σN
)(
2− fsky
fsky
)1/4
(16)
Despite the above approximations, these ideas explain the shape of
measured Θℓ curves extremely well, and predict asymptotic prop-
erties at high ℓ in virtually perfect agreement with simulations and
measurements. Note that these considerations do not affect our 5σ
decoherence limits, as our null hypothesis of no correlations (cor-
responding to infinite noise) has no bias.
We used our well calibrated decoherence model to forecast
GP angles of Planck and a hypothetical perfect CMB experiment
without noise (Fig. 8). Decoherence is predicted at ℓ ≈ 2900, be-
yond which any non-Gaussian information should be dominated by
noise.
4 CONCLUSIONS
We quantified the ℓ-by-ℓ coherence of latest WMAP, and Planck
CMB maps. We introduced a new set of statistics, Generalized
Phases, that are complementary to the (pseudo-)power spectrum,
and can be used to characterize the phase-coherence of two CMB
maps. We compared GP’s of the two maps by simply calculating
the angles between the corresponding unit vectors. These angles,
3 http://camb.info/
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Figure 8. Estimated decoherence properties of a Planck-like simulation
(Nside = 2048, assuming Smica noise) with a hypothetical perfect CMB
experiment with no noise, and our WMAP results for comparison. We show
simulated decoherence using single realizations, together with theory and
2σ errors. Black solid line illustrates 5σ significance level for our null hy-
pothesis, while dashed red line shows 90◦ decoherence level.
while do not contain all non-Gaussian information, concisely sum-
marize the coherence properties of two maps at each ℓ. Using the
statistics of random vectors in (2ℓ+1) dimensions, we defined the
ℓ of decoherence where the null hypothesis of no correlation be-
tween the maps could not be rejected at the 5σ level. We controlled
any effect of the masks, typically a problem with statistics based on
phases, with careful simulations and analytical models that, albeit
based on simplifying assumptions, appear to provide an excellent
quantitative framework. To check for systematics, we repeated all
our measurements of the Planck Smica map with the NILC maps
finding virtually identical results. According to our definition, de-
coherence from Planck was found above ℓ ≈ 700, ℓ ≈ 900 and
ℓ ≈ 1100 for WMAP9 Q, V and W. Our theoretical description is
in excellent agreement with the measured coherence angles, with
a slight bias for low-intermediate ℓ’s We also find a small bias
of the WMAP pseudo-C˜ℓ at 10 6 ℓ 6 300 at an average 2.6%
level with very high significance. It appears that for high ℓ’s, where
our theoretical prediction for the coherence angle is accurate based
on a simple Gaussian WMAP noise model, there is no significant
bias in the power spectra either. Qualitatively, there is a slight color
dependency as well based on Figure 7. From the excess decoher-
ence we can calculate the amount of excess noise it corresponds
to. We found that, with the exception of the Q map in the range of
250 <∼ ℓ <∼ 500 the noise corresponding to the excess decoherence
is below what is needed to fully explain the bias in the power spec-
tra. Nevertheless, the qualitative behaviour of the noise is similar to
the observed one, and it is different than our simulations. In con-
clusion, there are tantalizing coincidences hinting that the excess
decoherence and power spectrum bias are related, but no consistent
picture emerged. Note that our simulations do not contain corre-
lated noise, we did not check for any effect of foregrounds or low-ℓ
leakage, especially from the dipole, into higher ℓ’s; such investiga-
tions are left for future research.
Our analytical and simulation framework can be used to fore-
c© 2013 RAS, MNRAS 000, 1–??
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cast the coherence of Planck with a noise-free experiment (the true
CMB). We find that below ℓ 6 2900 Planck is coherent with the
CMB according to our 5σ criterion, thus non-Gaussian information
can be best gleaned from below these ℓ’s.
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APPENDIX A: THE DISTRIBUTION OF COHERENCE
ANGLES FOR NOISY DATA
We derive the form of Eq. (10) next. The probability density for
cosΘℓ is given by
p(cosΘ) =
∫
dnǫℓ pG (ǫℓ)
· δD
(
cosΘl − ǫˆCMBℓ ·
(
ǫˆCMBℓ + ǫˆℓ
))
,
(A1)
with δD the Dirac delta function and pG is the probability den-
sity describing n Gaussian uncorrelated variables with variance
Cnoiseℓ /2. We can set without loss of generality ǫCMB to be paral-
lel to the first axis, such that
ǫˆCMBℓ ·
(
ǫˆCMBℓ + ǫˆℓ
)
=
CCMBℓ + ǫ
1
ℓ√
(CCMBℓ + ǫ
1
ℓ)
2 +
∑
k>1
(
ǫkℓ
)2 . (A2)
Shifting the variable ǫ1ℓ → CCMBℓ + ǫ1ℓ in Eq. (A1) we simplify
the integral further. The argument of the integrand depends only
of the radial coordinate and of the first polar angle defined by
ǫ1ℓ = r cosφ1, which must match Θℓ, because of the Dirac delta
function. In n-dimensional space we have
dnx = rn−1dr sinn−2 φ1dφ1 · · · . (A3)
The Dirac delta function gives the factor sinn−2 Θ in Eq. (10), and
the radial integral the second factor.
APPENDIX B: ESTIMATE OF BIAS SIGNIFICANCE
We define the bias of WMAP with respect to Planck at a given ℓ as
bℓ =
CWMAPℓ
CPlanckℓ
− 1. (B1)
We expect CWMAPℓ to coincide on average with CPlanckℓ , in which
case 〈bℓ〉 = 0. Our aim is to estimate
〈
b2ℓ
〉
. We need to make some
simplifying assumptions on the stochasticity of CWMAPℓ . We assume
that this stochasticity comes from the cross-correlation of two noisy
tracers,
CWMAPℓ =
1
2ℓ+ 1
ℓ∑
m=−ℓ
(
aPlanckℓm + ǫ1,ℓm
)(
aPlanck,∗ℓm + ǫ
∗
2,ℓm
)
,
(B2)
We assume that the harmonic coefficients ǫℓm of the noise
are Gaussian variables with spectrum
〈
ǫi,ℓmǫ
∗
j,ℓ′m′
〉
=
δℓℓ′δmm′δijC
Ni , i, j = 1, 2, while aPlanckℓm and CPlanckℓ are
simple numbers. Within these assumptions it holds that
bℓ =
1
CPlanckℓ (2ℓ + 1)
ℓ∑
m=−ℓ
(
aPlanckℓm ǫ
∗
2,ℓm + a
Planck,∗
ℓm ǫ1,ℓm + ǫ1,ℓmǫ
∗
2,ℓm
)
.
(B3)
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Averaging over noise gives no bias, and the variance of bℓ can be
simply evaluated remembering that we treat aPlanckℓm as simple num-
bers and that the average of three ǫ’s vanishes. We obtain
〈
b2ℓ
〉
=
1
2ℓ + 1
[(
CN1ℓ + C
N2
ℓ
CPlanckℓ
)
+
(
CN1ℓ C
N2
ℓ
CPlanckℓ
)2]
. (B4)
Averaging over multipoles defines the bias b =
(∑
ℓ bℓ
)
/∆ℓ. Ne-
glecting correlations,
〈
b2ℓ
〉
=
(∑
ℓ 〈bℓ〉2
)
/ (∆ℓ)2. We set further
CN1ℓ = C
N2
ℓ = 2C
N
ℓ , defining CPlanckℓ /CNℓ as the signal to noise
SNℓ of the map. Thus we obtain our final formula
〈
b2
〉
=
4
(∆ℓ)2
ℓmax∑
ℓmin
(
1 + SNℓ
(2ℓ+ 1) (SNℓ)
2
)
, (B5)
with ∆ℓ = ℓmax−ℓmin+1, with which we estimated the significance
of the bias.
For a roughly constant signal to noise a simple estimate of
σb =
√
〈b2〉 is
σb ≈ 2
√
1 + SN
∆ℓ SN
√
ln
(
ℓmax
ℓmin
)
. (B6)
Using the above formula and neglecting correlations between Cℓ’s,
we estimate the significance of the bias in the Q,V,W colors to be
33σ, 30σ and 26σ, respectively. While taking into account the true
covariance matrix, potentially impacted by correlated noise and
mask, could lower these significances, it is safe to state that the bias
below ℓ <∼ 300 is overwhelmingly significant. At the same time, if
ℓ’s up to 1100 - the maximum given by ℓmax of Q1,Q2 beam trans-
fer fuctions - are taken into account, we find 1.6σ, 0.7σ, and 1.2σ,
i.e. no significant bias is detected over the full range of the power
spectrum. Note, however, that this is mainly due to the noise domi-
nating at high ℓ and the uniform weighting of our estimator, that is
suboptimal for the bias once the noise is increasing due to the tail
of the beam correction.
APPENDIX C: COHERENCE ANGLE ASYMPTOTICS
WITH AZYMUTHALLY SYMMETRIC MASK
We derive the asymptotic behavior of the coherence angle in the
presence of an azymuthally symmetric mask (band). Our starting
point is the exact formula relating the spectrum of the original map
to that of the masked map (Hivon et al. 2002)
Cmaskedℓ =
∑
ℓ2ℓ3
=
2ℓ2 + 1
4π
Cℓ2 |Wℓ30|2
(
ℓ ℓ2 ℓ3
0 0 0
)2
. (C1)
In this equation Wl0 are the harmonic coefficient of the azimuthally
symmetric mask function. We are interested in the regime where
ℓ →∞. In this case, it is possible to rewrite the above equation as
follows,
Cmaskedℓ
ℓ→∞→ 1
2ℓ+ 1
∑
ℓ2
2ℓ2 + 1
4π
Cℓ2
〈|W 2ℓ0|〉ℓ−ℓ2,ℓ+ℓ2 , (C2)
where the last term is the average of |W 2ℓ0| with a roughly flat
weight function centered on l with width l2. The exact weight func-
tion can be obtained from the asymptotics of the Wigner 3j sym-
bols (Hivon et al. 2002, e.g.) but they turn out irrelevant for our
purpose. For a band mask centered on the equator with angle b, and
thus fsky = 1− sin b, we have
Wl0 =
√
4π
2ℓ+ 1
(Pℓ−1(sin b)− Pℓ+1(sin b)) , ℓ even. (C3)
where Pℓ(x) are the Legendre polynomials. The coefficients for ℓ
odd vanish due to the symmetry with respect to the equator. The
polynomials have the asymptotic behavior
Pℓ(cos θ)→
2 cos
(
(ℓ+ 1/2)θ − π
4
)
√
π(2ℓ+ 1) sin θ
, (C4)
at high ℓ. Using this formula and the addition formula for sines and
cosines, one has after some algebra
W 2l0 → 64
(2ℓ + 1)2
sin θ sin2
(
(ℓ+ 1/2)θ − π
4
)
, ℓ even,
(C5)
with θ = π/2 − b and sin θ = cos b. We need the mean value
of (C5) with respect to a smooth function centered on ℓ with size
2ℓ2, small with respect to ℓ. We can replace the sin2 in (C5) by a
factor 1/2, as the average would be the same if sin2 was in fact a
cos2. Another factor 1/2 comes from the fact that only even ℓ are
non-zero.
Cmaskedℓ
ℓ→∞→ 1
2ℓ+ 1
∑
ℓ2
2ℓ2 + 1
4π
Cℓ2
〈|W 2ℓ0|〉ℓ−ℓ2,ℓ+ℓ2
∼ 16 cos b
2ℓ+ 1
∑
ℓ2
(2ℓ2 + 1)
4π
Cℓ2
〈
1
(2ℓ + 1)2
〉
ℓ−ℓ2,ℓ+ℓ2
(C6)
If Cℓ2 only for ℓ2 much smaller than ℓ, then the mean value be-
comes independent of ℓ2. All in all, we obtain
Cmaskedℓ → 16 cos b
(2ℓ+ 1)3
(∑
ℓ2
(2ℓ2 + 1)
4π
Cℓ2
)
(C7)
The last term is the variance of the map. This formula is valid both
for small or large fsky.
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